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ON TOTAL FLEXIBILITY OF LOCAL STRUCTURES OF
FINSLER TORI WITHOUT CONJUGATE POINTS
DONG CHEN
Abstract. We show that given a point on a Finsler surface, one can always find
a neighborhood of the point and isometrically embed this neighborhood into a
Finsler torus without conjugate points.
1. Introduction
In this paper we study the universality of local structures of 2-dimensional Finsler
tori without conjugate points. It is known that 2-dimensional Riemannian tori with-
out conjugate points are flat, which was proved by E.Hopf ([8]) in 1940s. Hopf’s
paper is a partial answer to a question asked by Hedlund and Morse([7]), that is,
whether the same result still holds in all dimensions. The positive answer to this
question is now known as Hopf’s conjecture. After that many other people studied
this problem with various assumptions. In 1994, D.Burago and S.Ivanov([1]) proved
the Hopf’s conjecture. This breakthrough shows the rigidity of Riemannian tori
without conjugate points.
However, there are examples of non-flat Finsler tori without conjugate points,
thus the original Hopf’s conjecture does not hold in Finsler case. For example,
one can construct such a non-flat Finsler 2-torus by making symplectic (contact)
perturbations on the Euclidean torus or as surfaces of revolution.
Before Burago and Ivanov, C. Croke and B. Kleiner([4]) have shown that in Rie-
mannian case, smoothness (or bi-Lipchitz) of the Heber foliation([6]) would imply
that a torus without conjugate points is flat. Smoothness of the Heber foliation is
(more or less) equivalent to the assertion that the geodesic flow is smoothly conjugate
to that of some flat Finsler torus. It is still an open question if the Heber foliation
of a Finsler manifold without conjugate points is smooth, and whether the geodesic
flow of such manifold is smoothly conjugate to that of some flat Finsler torus. We
even do not know whether every geodesic with an irrational rotation number is dense
in a 2-dimensional Finsler torus without conjugate points.
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In this note I extend an approach suggested by Burago-Ivanov to show that there
are no local restrictions for a metric to be the metric of a Finsler torus without
conjugate points. Namely, I prove the following theorem:
Theorem 1. Suppose (M,ϕ) is a Ck(k ≥ 3) Finsler surface. Then for any p0 ∈M ,
we can find a neighborhood U of p0, and an isometric embedding Ψ : (U, ϕ|TU) →
(T2, ϕ˜), where (T2, ϕ˜) is a Ck Finsler torus without conjugate points. If in addition,
ϕ is symmetric, then ϕ˜ can be chosen to be symmetric too.
Let γ be a ray with unit speed in a Finsler manifold. Define the Busemann function
bγ : M → R with respect to γ by
bγ(x) := lim
t→∞
(t− d(x, γ(t))).
The main idea in the proof of the theorem is to generalize the concept of Busemann
functions on Finsler manifold to an enveloping function. Such extension does not
depend on the ray. And we can get back the Finsler metric from the enveloping
function. By perturbing the enveloping function we can get a perturbation of the
Finsler metric.
2. Preliminaries
Definition 1. ([5])A Ck(k ≥ 2) Minkowski norm on Rn is a nonnegative real-
valued function ϕ on Rn with the following properties:
(i) ϕ is Ck on Rn\{0};
(ii) ϕ(λv) = λϕ(v), for λ > 0;
(iii) The n× n matrix
(gij) := (
1
2
∂2
∂yi∂yj
ϕ2)
is positive definite at every point except the origin.
If moreover we have:
(iv) ϕ(−v) = ϕ(v),
then ϕ is called a symmetric Ck Minkowski norm.
Remark 1. By (i) and (ii), we have ϕ(0) = 0. By (iii), we know ϕ(y) = 0 implies
y = 0. The condition (iii) is equivalent to the fact that the unit sphere S ⊆ Rn is
quadratically convex, i.e., every point on S has positive principal curvatures.
Definition 2. Let M be an n-dimensional C∞ manifold. For k ≥ 2, A Ck Finsler
structure on M is a function ϕ : TM → [0,∞) with the following properties:
(i) ϕ is Ck on the complement of the zero section;
(ii) ϕ|TxM is a Minkowski norm for all x ∈M .
A manifold with a Ck Finsler structure is called a Ck Finsler manifold (or just
a Finsler manifold).
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If moreover, for all x ∈M , ϕ|TxM is a symmetric Minkowski norm, then the Finsler
structure is called symmetric.
Remark 2. If ϕ is a Minkowski norm on Rn, then we have the triangle inequality:
For all v1, v2 ∈ R
n, ϕ(v1 + v2) ≤ ϕ(v1) + ϕ(v2). The equality holds iff y2 = αy1 or
y1 = αy2 for some α ≥ 0. Hence symmetric Minkowski norms are norms in the sense
of functional analysis.
If γ : [a, b]→M is a smooth curve on a Finsler manifold (M,ϕ), then one defines
the length of γ by
L(γ) :=
∫ b
a
ϕ(γ(t), γ′(t))dt.
Using this definition of length we define a non-symmetric metric(i.e. a positive
definite function on M ×M satisfying the triangle inequality) on M by letting the
distance d(x, y) from x to y be the infimum of the lengths of all piecewise smooth
curves starting from x and ending at y. It is non-symmetric since d(x, y) may not
be equal to d(y, x). Under this non-symmetric metric we can define geodesics in
the following way: a curve γ : [a, b] → M is said to be a geodesic of (M,ϕ) if for
every sufficiently small interval [c, d] ⊆ [a, b], γ|[c,d] realizes the distance from γ(c) to
γ(d). In this paper we will always assume that a geodesic is unit-speed, i.e. if γ is
a geodesic, then ϕ(γ(s), γ′(s)) = 1, for s ∈ [a, b]. A geodesic γ : [a, b] → M is called
minimal if for a ≤ t1 < t2 ≤ b, d(γ(t1), γ(t2)) = t2 − t1. And a C
k Finsler metric ϕ
on M is called simple if every pair of points on M is connected by a unique geodesic
depending Ck smoothly on the endpoints.
Definition 3. A function f on a Finsler manifold (M,ϕ) is called forward 1-Lip-
chitz if for p, q ∈M, f(p)− f(q) ≤ d(q, p).
3. Enveloping function
We use some notation and techniques from [3]. To make this note more reader-
friendly, we copy them here.
Let (M,ϕ) be a Finsler manifold. We have a norm ϕ∗ on the cotangent bundle
T ∗M given by:
ϕ∗(α) := sup{α(v)|v ∈ TxM,ϕ(v) = 1},
for x ∈ M,α ∈ T ∗xM . And we denote by UM and U
∗M the bundles of unit spheres
of ϕ and ϕ∗. Since ϕ is Minkowski on each tangent space, ϕ∗ is also Minkowski
on each cotangent space, hence U∗xM is quadratically convex for all x ∈ M . A C
1
function on M is called distance-like if ϕ∗(dxf) = 1 for all x ∈M .
Notice that a distance-like function is always forward 1-Lipchitz. In fact, for any
x, y ∈M and any unit-speed curve c : [a, b]→M starting at x and ending at y, if f
4 DONG CHEN
is distance-like, then
f(y)− f(x) =
∫ b
a
dfc(s)(c
′(s))ds ≤ b− a = L(c)
By taking the infimum for all c, f is forward 1-Lipchitz.
Let D denote the n-dimensional disc with a Finsler metric ϕ. If ϕ is simple, then
the distance function d(p, ·) of a point p ∈ ∂D is distance-like.
Definition 4. A continuous function F : ∂D ×D → R is called a Ck enveloping
function for ϕ if F is Ck smooth outside the diagonal of ∂D×∂D and the following
conditions are satisfied:
(a) For every p ∈ ∂D, the function Fp := F (p, ·) is distance-like.
(b) For every x ∈ D, the map p→ dxFp is a diffeomorphism from ∂D to U
∗
xD.
If ϕ is a Ck simple Finsler metric and F is given by F (p, x) := d(p, x), then F is a
Ck enveloping function. On the other hand, given an enveloping function F we can
define a distance function on D ×D by
dF (x, y) := sup
p∈∂D
F (p, y)− F (p, x).
By dF we can define a metric ϕF on TD, and the unit sphere of ϕ
∗
F in T
∗
xD is the
image of the map ∂D → T ∗xD, p 7→ dxFp.
Lemma 1. Let F be an enveloping function for ϕ given by F (p, x) = d(p, x). Then
every sufficiently small C3 perturbation F˜ of F is an enveloping function of some
Finsler metric ϕ˜.
Proof. Since ϕ is a Finsler metric, the image of the map ∂D → T ∗xD, p 7→ dxFp is
quadratically convex. And p 7→ dxF˜p is a C
2 small perturbation of this map, hence
also has quadratically convex image, therefore the image is the unit sphere of some
Minkowski norm on T ∗xD. And the dual norm ϕ˜ is a Finsler norm at x. 
Definition 5. ([2]) Let f be a function on a Finsler manifold (M,ϕ) that supports
M , and γ : [a, b]→M be a geodesic. We say that γ is calibrated by f if f(γ(t2))−
f(γ(t1)) = t2 − t1, for any a ≤ t1 < t2 ≤ b.
The (Finslerian) gradient of a distance like function f : D → R at x ∈ D,
denoted gradf(x), is defined to be the unit tangent vector v ∈ UxD such that
dxf(v) = 1. If γ is calibrated by f , then for all points on γ, the tangent vector
of γ coincide with the gradient of f .
Lemma 2. If we have an enveloping function F on a Finsler disc (D,ϕ), then D has
no conjugate points.
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Proof. If f is a distance-like function on D, then any integral curve of gradf is
a minimal geodesic. In fact, let γ : [a, b] → D be such a unit-speed curve and
a ≤ t1 < t2 ≤ b. Then for all s ∈ (a, b), dfγ(s)(γ
′(s)) = 1 since γ′(s) is the gradient of
f at γ(s). Thus
t2 − t1 ≥ d(γ(t1), γ(t2)) ≥ f(γ(t2))− f(γ(t1)) =
∫ t2
t1
dfγ(s)(γ
′(s))ds = t2 − t1.
This implies d(γ(t1), γ(t2)) = t2 − t1 = f(γ(t2)) − f(γ(t1)). Hence γ is a minimal
geodesic and it is calibrated by f .
Now let σ : [a, b]→ D be a geodesic. Since a geodesic is a local minimizer, we can
find δ > 0 such that d(σ(a), σ(a+δ)) = δ. Let p ∈ ∂D be a point such that dσ(a)Fp is
the dual to σ′(a), then the integral curve γ of gradFp with γ(a) = σ(a) is a minimal
geodesic calibrated by Fp. Since γ and σ are geodesics with the same starting point
and initial direction, L(γ) = b−a = L(σ), therefore γ = σ. Therefore σ is a minimal
geodesic. This implies any geodesic is a minimal one, so M has no conjugate points.

Remark 3. By the proof of Lemma 2, if a geodesic γ is calibrated by a distance-like
function, then γ is minimal.
4. Proof of the main theorem
Lei ψ : U0 → R
2 be a local chart around p0 mapping p0 to origin. Since ψ is a
diffeomorphism we can define the metric on ψ(U0) simply by pushing forward that
on U0 through ψ. Once we get this isometric embedding, we can assume the image
of ψ is Uǫ := {(x, y) ∈ R
2|x2 + y2 < ǫ2}, and we identify U0 with Uǫ. By choosing
small ǫ and let Dǫ be the closure of Uǫ, we get a simple Finsler metric on Dǫ. Let
ϕ0 be a constant Finsler metric on R
2 which is identical to ϕ|Tp0D. For p ∈ ∂Dǫ,
let γ0p : [−a0, b0] → Dǫ be the geodesic in the Finsler disk (Dǫ, ϕ0) with γp(0) = p0
and γp(b0) = p, γp(a0) = −p. Let γp : [−a, b] → Dǫ be the geodesic in (Dǫ, ϕ) with
endpoints on ∂Dǫ and γp(0) = p0, γ
′
p(0) = (γ
0
p)
′(0). Then we can define a function
F on ∂Dǫ × Dǫ by the following: if x lies on the left hand side of the direction of
γp, then F (p, x) := d(x, γp), otherwise define F (p, x) := −d(γp, x). Then F is a C
k
enveloping function for ϕ.
Similar as above we get a C∞ enveloping function F 0 on ∂Dǫ×R
2 for the constant
metric ϕ0. By choosing ǫ small we may assume F is a C
k small perturbation of
F 0|∂Dǫ×Dǫ. Extend F to ∂Dǫ × R
2 so that F is a Ck small perturbation of F 0.
Take a large r and let g be a function on R2 with value 1 on Dǫ and value 0 outside
Dr. By choosing r large enough we may assume g has very small ith(1 ≤ i ≤ k)
derivatives, and define a function F˜ on ∂Dǫ × R
2 by
F˜ (p, x) = F (p, x)g(x) + F0(p, x)(1− g(x)).
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Then F˜ is a Ck small perturbation of F0. By Lemma 1 it is an enveloping func-
tion for some Finsler metric ϕ˜ on TDr. ϕ˜ agrees with ϕ on TDǫ, and it agrees
with ϕ0 on T (R
2\Dr). Therefore we can extend ϕ˜ outside TDr by ϕ0 and get a
Ck smooth Finsler metric on R2. Take an integer l > r, then ϕ˜ is also a metric on
T
2 := R2/(2lZ)2. By Lemma 2 we know that ϕ˜ has no conjugate points.
Suppose ϕ is symmetric, use the same notations as above, then γp and γ−p are the
same curve with different directions. Therefore we have
(*) F (p, x) = −F (−p, x),
for all x ∈ Dǫ. Extend F to ∂Dǫ × R
2 so that (*) holds. Repeating the procedures
as above we get a function F˜ on ∂Dǫ × R
2. Now define
d˜(x, y) = max
p∈∂Dǫ
F˜ (p, x)− F˜ (p, y),
then d˜ is symmetric and it is Ck close to d0, which is the metric on R
2 generated by
ϕ0. As we get such metric d˜, we can define a Finsler metric on the tangent bundle
in the following way: for x ∈ R2, v ∈ TxR
2, let c : (−ǫ1, ǫ1) → Dr be a curve with
c(0) = x, c′(0) = v. Define
ϕ˜(x, v) := lim
t→0
d˜(x, c(t))
t
.
Then F˜ is an enveloping function for ϕ˜. By symmetry of d˜ we get symmetry of ϕ˜.
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